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Co je to robot?

Mobilńı robot, UGV -
unmanned ground vehicle

Létaj́ıćı roboti (nap̌r. drony)

Manipulátory (nap̌r. Franka
Emika Panda)
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Konfigurace robota

▶ Kompletńı specifikace každého bodu na robotovi.

Konfigurace je popsána
úhlem θ.

Bod v rovině je popsán
dvěma soǔradnicemi.

Konfigurace planárńıho
tuhého tělesa se skládá z

pozice a orientace.
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úhlem θ.

Bod v rovině je popsán
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Stupně volnosti (DoF)

▶ Minimálńı počet soǔradnic poťrebných k reprezentaci konfigurace.
▶ dvěre: 1
▶ bod v rovině: 2
▶ tuhé těleso v rovině: 3
▶ manipulátory: od 1 (nap̌r. rotačńı st̊ul) do deśıtek (humanoidi)

▶ Určeńı DoF
▶ (součet volnost́ı bodů) - (počet nezávislých omezeńı)
▶ Tuhé těleso

▶ Vzdálenost mezi libovolnými dvěma danými body na tuhém tělese z̊ustává konstantńı
▶ Př́ıklad: omezeńı pro N bodů rovinného tuhého objektu

▶ U některých robot̊u je určeńı počtu stupňů volnosti netriviálńı
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Konfiguračńı prostor - C
▶ N -rozměrný prostor (N odpov́ıdá počtu stupňů volnosti)
▶ Každý bod konfiguračńıho prostoru odpov́ıdá jedné konfiguraci
▶ Obsahuje všechny možné konfigurace robota

C : ⟨0◦, 180◦⟩ nebo
C : ⟨−180◦, 180◦⟩

C : R2 C : R2 × ⟨0◦, 360◦)
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Pohyb tuhého tělesa v rovině

▶ K tuhému tělu p̌ripevńıme s.s. (frame) {b}
▶ Často se umištuje do těžǐstě (ale neńı vyžadováno)
▶ Lze uḿıstit mimo tělo
▶ S.s. {b} se nepohybuje vzhledem k tělu

▶ Vybereme pevný referenčńı s.s.
▶ sťred ḿıstnosti
▶ roh stolu
▶ základna manipulátoru

▶ Všechny s.s. jsou pravotočivé
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▶ Vybereme pevný referenčńı s.s.
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Pohyb tuhého tělesa v rovině

▶ Konfigurace objektu je určena
▶ pozićı s.s. objektu vzhledem k referenčńımu s.s.
▶ orientaćı s.s. objektu vzhledem k referenčńımu s.s.

▶ Pozice s.s. objektu
▶ p = pxx̂s + pyŷs ∈ R2

▶ Pokud je referenčńı s.s. jasný z kontextu: p = (px, py)
⊤

▶ Orientace
▶ Úhel θ ∈ ⟨0◦, 360◦)
▶ Vhodné pro daľśı výpočty:

x̂b = +cos θx̂s + sin θŷs

ŷb = − sin θx̂s + cos θŷs

Rotačńı matice R = (x̂b, ŷb) =

(
cos θ − sin θ
sin θ cos θ

)
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▶ Pozice s.s. objektu
▶ p = pxx̂s + pyŷs ∈ R2
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x̂b = +cos θx̂s + sin θŷs
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Pohyb tuhého tělesa v rovině
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SO(2)

▶ R má 4 č́ısla, ale pouze 1 DoF - 3 nezávislá omezeńı
▶ oba sloupce jsou jednotkové vektory
▶ sloupce jsou navzájem ortogonálńı

▶ Množina všech rotačńıch matic je SO(2) , tzn. R ∈ SO(2)
▶ Special Orthogonal group
▶ det(R) = 1
▶ RR⊤ = I, i.e. R−1 = R⊤

▶ (R1R2)R3 = R1 (R2R3)
▶ R1R2? =?R2R1

▶ Použit́ı rotačńı matice
▶ pro reprezentaci orientace s.s.
▶ pro změnu referenčńıho s.s., ve kterém je vektor reprezentován
▶ pro otočeńı vektoru nebo s.s.
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SE(2)

▶ Pár (Rab,p)
▶ reprezentuje konfiguraci objektu

▶ měńı referenčńı s.s. vektoru
va = Rabvb + p

▶ posouvá vektor/s.s. (R, t)
Rmoved = RabR tmoved = Rabt+ p

▶ Př́ıpadně v homogenńıch soǔradnićıch Tab =

(
Rab p
0⊤ 1

)
∈ SE(2)

▶ Special Euclidean Group
▶ reprezentuje translaci i rotaci v jedné matici
▶ vH

a = Tabv
H
b

▶ (T1T2)T3 = T1 (T2T3)
▶ T1T2? =?T2T1
▶ Inverze T−1

▶ výpočet inverze matice je výpočetně náročný

▶ T−1 =

(
R⊤ −R⊤t

0⊤ 1

)
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▶ výpočet inverze matice je výpočetně náročný
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Vladiḿır Petŕık 10 / 21

SE(2) p̌ŕıklad

Tnext = TcurrentTx(δx) Tnext = TcurrentTθ(δθ) Tnext = TcurrentTx(δx)
Delta transformace jsou definovány v s.s. robota.
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SE(2) p̌ŕıklad

Tnext = Tx(δx)Tcurrent Tnext = Tθ(δθ)Tcurrent Tnext = Tx(δx)Tcurrent

Delta transformace jsou definovány v referenčńım s.s.
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SE(2) p̌ŕıklad kamera

TSR =

(
R(θ) t
0⊤ 1

)

TRC =

(
I

(
0.1 0

)⊤
0⊤ 1

)
Jak spoč́ıtat vS?
TSC = TSRTRC

vS = TSCvC
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Vladiḿır Petŕık 12 / 21
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SE(2) p̌ŕıklad kamera

TSR =

(
R(θ) t
0⊤ 1

)
TRC =

(
I

(
0.1 0

)⊤
0⊤ 1

)
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Rozš́ı̌reńı do SO(3) a SE(3)

▶ SO(3)
▶ det(R) = 1
▶ RR⊤ = I, i.e. R−1 = R⊤

▶ (R1R2)R3 = R1 (R2R3)
▶ R1R2? =?R2R1

▶ SE(3)
▶ vH

a = Tabv
H
b

▶ (T1T2)T3 = T1 (T2T3)
▶ T1T2 ̸= T2T1

▶ T−1 =

(
R⊤ −R⊤t
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)
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▶ SE(3)
▶ vH

a = Tabv
H
b

▶ (T1T2)T3 = T1 (T2T3)
▶ T1T2 ̸= T2T1

▶ T−1 =

(
R⊤ −R⊤t
0⊤ 1

)



Robotika: Reprezentace pohybu
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Rozš́ı̌reńı do SO(3) a SE(3)
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▶ SE(3)
▶ vH

a = Tabv
H
b

▶ (T1T2)T3 = T1 (T2T3)
▶ T1T2 ̸= T2T1

▶ T−1 =

(
R⊤ −R⊤t
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Jak spoč́ıtat R ∈ SO(3)?

▶ Skládáńı rotaćı kolem os x, y, z

▶ Rx(θ) =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ


▶ Ry(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ


▶ Rz(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1


▶ Z jiných reprezentaćı rotaćı
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Př́ıklad SE(3)

Tnext = TTz(δz) Tnext = TRz(θz) Tnext = TRy(θy) Tnext = TTx(δx)
Ry, Rz ∈ SE(3)!
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Reprezentace osa-úhel

▶ θ ∈ R, ω̂ ∈ R3, ∥ω̂∥ = 1

▶ Osa-úhel na R
▶ Rodrigues̊uv vzorec R(ω̂, θ) = I + sin θ [ω̂] + (1− cos θ) [ω̂]

2

▶ Skew-symmetric matice [ω] =

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0


▶ Př́ıklad: spoč́ıtejte Rz

▶ Algoritmus osa-úhel z R
▶ Pokud R = I pak θ = 0 a ω̂ nedefinována.
▶ Pokud trR = −1 pak θ = π a

▶ ω̂ = 1√
2(1+r33)

(
r13 r23 1 + r33

)⊤
pokud r33 ̸= −1

▶ ω̂ = 1√
2(1+r22)

(
r12 1 + r22 r32

)⊤
pokud r22 ̸= −1

▶ ω̂ = 1√
2(1+r11)

(
1 + r11 r21 r31

)⊤
pokud r11 ̸= −1

▶ Jinak θ = arccos (1/2 (trR− 1)) a [ω̂] = 1
2 sin θ (R−R⊤)
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▶ θ ∈ R, ω̂ ∈ R3, ∥ω̂∥ = 1
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Exponenciálńı soǔradnice

▶ Vektor ω ∈ R3

▶ Také se nazývá Euler̊uv vektor nebo Euler-Rodriguesovy parametry
▶ Mapováńı na reprezentaci osa-úhel:

▶ θ = ∥ω∥
▶ ω̂ = ω

θ

▶ Exponenciálńı soǔradnice na/z R
▶ R = expω: použit Rodrigues̊uv vzorec
▶ ω = logR: použit algoritmus osa-úhel z R

▶ Proč exponenciálńı?
▶ odpov́ıdá exponenciále/logaritmu matice [ω]
▶ pokud ω je úhlová rychlost, jej́ı integrace pro jednu časovou jednotku vede na

exponenciálu a konečná orientace je R
▶ numericky citlivá reprezentace pro malé úhly



Robotika: Reprezentace pohybu
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▶ Vektor ω ∈ R3
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▶ odpov́ıdá exponenciále/logaritmu matice [ω]
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Vladiḿır Petŕık 18 / 21

Kvaterniony

▶ q ∈ R4, ∥q∥ = 1

▶ Z osa-úhel
▶ qw = cos (θ/2)
▶ qxyz = ω̂ sin (θ/2)

▶ Z R
▶ qw = 1/2

√
1 + trR

▶ qxyz = 1
4qw

(
r32 − r23 r13 − r31 r21 − r12

)⊤
▶ Do R

▶ R = exp
(
2 arccos (qw)

qxyz

∥qxyz∥

)
▶ tzn. rotuj kolem qxyz o θ = 2arccos (qw)

▶ Kvaterniony nejsou jedinečné, dvě řešeńı pro stejné R

▶ Numericky stabilńı
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Vladiḿır Petŕık 18 / 21

Kvaterniony

▶ q ∈ R4, ∥q∥ = 1

▶ Z osa-úhel
▶ qw = cos (θ/2)
▶ qxyz = ω̂ sin (θ/2)

▶ Z R
▶ qw = 1/2

√
1 + trR

▶ qxyz = 1
4qw

(
r32 − r23 r13 − r31 r21 − r12

)⊤

▶ Do R
▶ R = exp

(
2 arccos (qw)

qxyz

∥qxyz∥

)
▶ tzn. rotuj kolem qxyz o θ = 2arccos (qw)

▶ Kvaterniony nejsou jedinečné, dvě řešeńı pro stejné R
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Daľśı reprezentace

▶ Eulerovy úhly
▶ ťri č́ısla θ1, θ2, θ3
▶ rotace kolem os x, y, nebo z
▶ nap̌r. XYX Eulerovy úhly odpov́ıdaj́ı R = Rx(θ1)Ry(θ2)Rx(θ3)
▶ výpočet Eulerových úhl̊u z R je často numericky nestabilńı a vyžaduje speciálńı

algoritmus pro každou trojici os

▶ 6D reprezentace rotace
▶ reprezentované prvńımi dvěma sloupci R
▶ hladká reprezentace
▶ použ́ıvá se ve strojovém učeńı (nap̌r. výstup neuronové śıtě)
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Daľśı reprezentace

▶ Eulerovy úhly
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Shrnut́ı

▶ Konfigurace, Konfiguračńı prostor C, DoF
▶ Rovinný pohyb tuhého tělesa SO(2) , SE(2)

▶ Prostorový pohyb tuhého tělesa SO(3) , SE(3)

▶ Vlastnosti rotačńı matice v SO(2) a SO(3)

▶ Reprezentace prostorových rotaćı
▶ rotačńı matice
▶ osa-úhel
▶ exponenciálńı soǔradnice
▶ kvaterniony
▶ Eulerovy úhly
▶ 6D reprezentace
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Ćıl cvičeńı

▶ Začneme implementovat sadu nástroj̊u pro robotiku
▶ Nástroje pro práci s SO(2) , SE(2) , SO(3) , SE(3)

▶ exp(ω)
▶ log(R)
▶ R−1

▶ . . .

▶ Př́ıprava
▶ Doporučuje se Linux a Conda
▶ Nainstalujte Condu
▶ Nainstalujte Python IDE (PyCharm, VSCode)
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