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Spojeńı dvou tuhých těles
A B

▶ Kolik DoF má systém dvou rovinných tuhých těles?

(3 + 3) DoF

▶ Kolik stupňů volnosti, když je sleṕıme/spoj́ıme dohromady? 3 DoF
▶ Pevný [fixed] kloub

▶ spojuje dvě pevná tělesa dohromady
▶ odstrańı 3 DoF v rovinném p̌ŕıpadě a 6 DoF v prostorovém p̌ŕıpadě

▶ Kolik DoF pro dvěre, pokud by tam nebyl kloub?
▶ Otočný [revolute] kloub

▶ spojuje dvě pevná tělesa dohromady
▶ má 1 DoF
▶ odstrańı 2 DoF v rovinném p̌ŕıpadě a 5 DoF v prostorovém p̌ŕıpadě
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Robotika: Př́ımá kinematika otev̌rených kinematických řetězc̊u
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Robotický manipulátor

▶ Tvǒren rameny (obvykle tuhá tělesa)

▶ Dvě ramena jsou spojena r̊uznými klouby

▶ Pohony dodávaj́ı krout́ıćı moment/śılu, aby způsobily pohyby ramena

▶ K některým ramenům je p̌ripojeno chapadlo
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Posuvný [prismatic] kloub

▶ Také lineárńı kloub

▶ Pouze posuvný pohyb v 1 DoF

▶ Odstraňuje 2 DoF v rovinném p̌ŕıpadě a 5 DoF v prostorovém p̌ŕıpadě
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Typy kloub̊u

Omezeńı mezi dvěma tuhými tělesy

Typ kloubu DoF Rovinný Prostorový

R 1 2 5
P 1 2 5
H 1 - 5
C 2 - 4
U 2 - 4
S 3 - 3
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Otev̌rený/uzav̌rený kinematický řetězec

▶ Otev̌rené kinematické řetězce: žádné smyčky ve struktǔre

▶ Uzav̌rené kinematické řetězce obsahuj́ı smyčky

Otev̌rený - sekvenčńı
struktura

Otev̌rený - stromová
struktura

Uzav̌rený
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▶ Uzav̌rené kinematické řetězce obsahuj́ı smyčky
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struktura

Otev̌rený - stromová
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Kolik DoF?

Snadné: 4 DoF Snadné: 5 DoF Obt́ıžněǰśı: 1 DoF
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Snadné: 4 DoF
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Grübler̊uv vzorec

▶ nDoF = m (L− 1)−
N∑
i=1

ci

= m (L− 1−N) +
N∑
i=1

fi

▶ L je počet ramen včetně země

▶ N je počet kloubů

▶ m je DoF tuhého tělesa (3 pro rovinné, 6 pro prostorové)

▶ ci počet omezeńı poskytovaných kloubem i

▶ fi DoF kloubu i

▶ fi + ci = m

▶ Funguje pro obecné p̌ŕıpady, selhává ale v určitých konfiguraćıch - když omezeńı
kloubů nejsou nezávislá
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▶ N je počet kloubů
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Aplikace Grüblerova vzorce

nDoF = m (L− 1−N) +
N∑
i=1

fi

m - DoF tělesa, L - počet ramen, N - počet kloubů, fi - DoF kloubu

3(5−1−4)+(1+1+1+1) =
4 DoF

3(6− 1− 5) + (1 + 1 + 1 +
1 + 0) = 4 DoF pokud
p̌ridáme pevný spoj

3(6− 1− 5) + (1 + 1 + 1 +
1 + 1) = 5 DoF

3(4−1−4)+(1+1+1+1) =
1 DoF

3(5− 1− 5) + (1 + 1 + 1 +
1 + 0) = 1 DoF (jsou-li dvě

země spojeny pevným
kloubem)
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Aplikace Grüblerova vzorce

nDoF = m (L− 1−N) +
N∑
i=1

fi
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Aplikace Grüblerova vzorce

3(4−1−4)+(1+1+1+1) =
1 DoF 3(8− 1− 9) + (9) = 3 DoF

3(5− 1− 6) + (6) = 0 DoF
Selháńı: 1 DoF Grübler̊uv
vzorec funguje pro nezávislá

omezeńı kloubů.
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Aplikace Grüblerova vzorce

3(4−1−4)+(1+1+1+1) =
1 DoF 3(8− 1− 9) + (9) = 3 DoF

3(5− 1− 6) + (6) = 0 DoF
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Aplikace Grüblerova vzorce

6 (5− 1− 4) + (1 + 1 + 1 + 1) = 4 DoF



Robotika: Př́ımá kinematika otev̌rených kinematických řetězc̊u
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Kinematické úlohy

▶ Př́ımá kinematika [Forward kinematics / FK]
▶ výpočet polohy/orientace chapadla z kloubových soǔradnic
▶ ffk : q → Tee

▶ q ∈ RN , kde N je počet kloubů
▶ Tee ∈ SE(2)/SE(3)

▶ Inverzńı kinematika (IK)
▶ výpočet kloubových soǔradnic z polohy/orientace chapadla
▶ fik : Tee → q
▶ q ∈ RN , kde N je počet kloubů
▶ Tee ∈ SE(2)/SE(3)
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▶ Př́ımá kinematika [Forward kinematics / FK]
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Př́ımá kinematika
Ćıl: spoč́ıtat FK, tzn. x, y, ϕ z q =

(
θ1 θ2 θ3

)⊤

Počátek s.s. {0} je uḿıstěn v ose rotace prvńıho kloubu.
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Řešeńı
▶ Trigonometrické řešeńı:

x = L1 cos θ1 + L2 cos(θ1 + θ2) + L3 cos(θ1 + θ2 + θ3)

y = L1 sin θ1 + L2 sin(θ1 + θ2) + L3 sin(θ1 + θ2 + θ3)

ϕ = θ1 + θ2 + θ3

▶ obt́ıžněǰśı vypoč́ıtat pro prostorové manipulátory

▶ Řešeńı založené na transformaćıch:

T04 = R(θ1)Tx(L1)R(θ2)Tx(L2)R(θ3)Tx(L3)

R ∈ SE(2), Tx ∈ SE(2)

▶ systematičtěǰśı řešeńı
▶ jak źıskat x, y, ϕ z T = T04?
▶ x = T13, y = T23, ϕ = atan2(T21, T22)
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▶ Řešeńı založené na transformaćıch:

T04 = R(θ1)Tx(L1)R(θ2)Tx(L2)R(θ3)Tx(L3)

R ∈ SE(2), Tx ∈ SE(2)

▶ systematičtěǰśı řešeńı

▶ jak źıskat x, y, ϕ z T = T04?
▶ x = T13, y = T23, ϕ = atan2(T21, T22)
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Př́ımá kinematika pro prostorového robota

T0b =?
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Př́ımá kinematika pro prostorového robota

T0b =
Rz(θ1)Tz(−L)Rx(θ2)Ty(L)Ty(θ3)Tz(L+ θ4)Ty(L)Ry(θ5)Rz(−θ6)Tz(L)Rz(π/2)Rx(π)
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Př́ımá kinematika pro prostorového robota

T0b = Tz(l0)Rz(θ1)Ty(l1)Rz(θ2)Ty(l2)Rz(θ3)Tz(−θ4)



Robotika: Př́ımá kinematika otev̌rených kinematických řetězc̊u
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Konfiguračńı prostor a prostor úkol̊u

▶ Konfiguračńı prostor pro 2 DoF robota
▶ každý bod odpov́ıdá jedné konfiguraci

▶ Prostor úkol̊u
▶ prostor, ve kterém lze p̌rirozeně vyjáďrit úkol robota (nezávislý na robotovi)
▶ bod v prostoru úloh lze dosáhnout několika konfiguracemi
▶ nap̌r. manipulace prostorovým objektem, prostor úkol̊u je SE(3)
▶ nap̌r. kresleńı na paṕır, prostor úkol̊u je R2
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Pracovńı prostor robota

▶ Specifikace konfiguraćı, kterých může chapadlo robota dosáhnout

▶ Zálež́ı na struktǔre robota

▶ Orientace chapadla je často ignorována (ale zálež́ı na úloze)
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URDF

▶ Universal Robot Description Format

▶ XML soubor, který popisuje kinematiku, geometrii a dynamiku robot̊u

▶ Použ́ıvá se v robotickém operačńım systému (ROS)

▶ Omezeno na otev̌rené kinematické řetězce (včetně stromových struktur)
▶ Robot je popsán pomoćı:

▶ Ramen (tuhá tělesa)
▶ Kloubů (spojuje dvě ramena)
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URDF - Ramena

▶ Proč poťrebujeme vizuálńı a kolizńı model?

▶ RPY: Roll Pitch Yaw
R = Rz(yaw)Ry(pitch)Rx(roll)

<robot name="robot">

<link name="link">

<inertial>
...

</inertial>

<visual>
...

</visual>

<collision>
...

</collision>

</link>

</robot>
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URDF - Ramena

▶ Proč poťrebujeme vizuálńı a kolizńı model?

▶ RPY: Roll Pitch Yaw
R = Rz(yaw)Ry(pitch)Rx(roll)

<robot name="robot">

<link name="link">

<inertial>
<origin xyz="0 0 0.5" rpy="0 0 0"/>

<mass value="1"/>

<inertia ixx="100" ixy="0" ixz="0" iyy="100" iyz="0" izz="100"/>
</inertial>

<visual>
...

</visual>

<collision>
...

</collision>

</link>

</robot>
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URDF - Ramena

▶ Proč poťrebujeme vizuálńı a kolizńı model?

▶ RPY: Roll Pitch Yaw
R = Rz(yaw)Ry(pitch)Rx(roll)

<robot name="robot">

<link name="link">

<inertial>
...

</inertial>

<visual>
<origin xyz="0 0 0" rpy="0 0 0"/>

<geometry>

<box size="1 1 1"/>

</geometry>

<material name="Cyan">

<color rgba="0 1.0 1.0 1.0"/>

</material>
</visual>

<collision>
...

</collision>

</link>

</robot>
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URDF - Ramena

▶ Proč poťrebujeme vizuálńı a kolizńı model?

▶ RPY: Roll Pitch Yaw
R = Rz(yaw)Ry(pitch)Rx(roll)

<robot name="robot">

<link name="link">

<inertial>
...

</inertial>

<visual>
...

</visual>

<collision>
<origin xyz="0 0 0" rpy="0 0 0"/>

<geometry>

<cylinder radius="1" length="0.5"/>

</geometry>
</collision>

</link>

</robot>
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URDF - Klouby

<link name="l0"></link> <!-- sphere -->

<link name="l1"></link> <!-- box -->

▶ Může být horńı limit menš́ı než π?

▶ Může být horńı limit věťśı než π?

▶ Daľśı typy kloubů: continuous, planar, floating
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Vladiḿır Petŕık 21 / 24

URDF - Klouby

<link name="l0"></link> <!-- sphere -->

<link name="l1"></link> <!-- box -->

<joint name="j0" type="fixed">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="l0"/>

<child link="l1"/>

</joint>

▶ Může být horńı limit menš́ı než π?

▶ Může být horńı limit věťśı než π?

▶ Daľśı typy kloubů: continuous, planar, floating
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URDF - Klouby

<link name="l0"></link> <!-- sphere -->

<link name="l1"></link> <!-- box -->

<joint name="j0" type="revolute">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="l0"/>

<child link="l1"/>

<axis xyz="0 0 1"/>

<limit effort="30" velocity="1.0" lower="-3.14" upper="3.14" />

</joint>

▶ Může být horńı limit menš́ı než π?

▶ Může být horńı limit věťśı než π?

▶ Daľśı typy kloubů: continuous, planar, floating
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URDF - Klouby

<link name="l0"></link> <!-- sphere -->

<link name="l1"></link> <!-- box -->

<joint name="joint0" type="prismatic">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="l0"/>

<child link="l1"/>

<axis xyz="0 1 0"/>

<limit effort="30" velocity="1.0" lower="-1.0" upper="1.0" />

</joint>

▶ Může být horńı limit menš́ı než π?

▶ Může být horńı limit věťśı než π?

▶ Daľśı typy kloubů: continuous, planar, floating
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▶ Může být horńı limit menš́ı než π?
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Vladiḿır Petŕık 22 / 24

URDF p̌ŕıklad
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Shrnut́ı

▶ Robotický manipulátor (klouby, ramena, chapadlo)

▶ Typy kloubů (DoF, omezeńı)

▶ Otev̌rený/uzav̌rený kinematický řetězec

▶ Grübler̊uv vzorec

▶ Př́ımá/inverzńı kinematika

▶ Konfiguračńı prostor / Úkolový prostor / Pracovńı prostor

▶ URDF
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Cvičeńı

▶ Implementujte FK pro rovinný manipulátor

▶ Vytvǒrte si sv̊uj vlastńı model v URDF
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