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Connecting two rigid bodies

» How many DoF has system of two planar rigid bodies?
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Connecting two rigid bodies

» How many DoF has system of two planar rigid bodies? (3 + 3) DoF
» How many DoF if we glue/fix them together?
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Connecting two rigid bodies

» How many DoF has system of two planar rigid bodies? (3 + 3) DoF
» How many DoF if we glue/fix them together? 3 DoF
» Fixed joint

> connects two rigid bodies together

» removes 3 DoF in planar case and 6 DoF in spatial case

“&%‘ Robc_)ti(fs: Foryvard kinematics of open chains
YWY Viadimir Petrik 2/24



Connecting two rigid bodies

» How many DoF has system of two planar rigid bodies? (3 + 3) DoF
» How many DoF if we glue/fix them together? 3 DoF
» Fixed joint

> connects two rigid bodies together

» removes 3 DoF in planar case and 6 DoF in spatial case

» How many DoF for door if there is no joint?
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Connecting two rigid bodies

How many DoF has system of two planar rigid bodies? (3 + 3) DoF

How many DoF if we glue/fix them together? 3 DoF
Fixed joint

> connects two rigid bodies together

» removes 3 DoF in planar case and 6 DoF in spatial case
How many DoF for door if there is no joint?
Revolute joint

> connects two rigid bodies together
» has 1 DoF
> removes 2 DoF in planar case and 5 DoF in spatial case
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Robotic manipulator

» Constructed from links (typically rigid bodies)
» Two links are connected by various joints
» Actuators deliver torque/force to cause link motions

» End-effector/Gripper is attached to some of the links

‘\L?;/‘ Robotics: Forward kinematics of open chains
/\a"l Vladimir Petrik 3/24



Robotic manipulator

» Constructed from links (typically rigid bodies)
» Two links are connected by various joints
» Actuators deliver torque/force to cause link motions

» End-effector/Gripper is attached to some of the links

‘\L?;/‘ Robotics: Forward kinematics of open chains
/\J Vladimir Petrik 3/24



Robotic manipulator

» Constructed from links (typically rigid bodies)
» Two links are connected by various joints
» Actuators deliver torque/force to cause link motions

» End-effector/Gripper is attached to some of the links

‘\L?;/‘ Robotics: Forward kinematics of open chains
/\a"l Vladimir Petrik 3/24



Robotic manipulator

» Constructed from links (typically rigid bodies)
» Two links are connected by various joints
» Actuators deliver torque/force to cause link motions

» End-effector/Gripper is attached to some of the links
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Prismatic joint

» Also sliding or linear joint
» Only translation motion in 1 DoF

» Removes 2 DoF in planar case and 5 DoF in spatial case

L E
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Joints types

& Revolute ()% lmdrlgdl
; (R)

E—
& Prismatic

<O
(P) Q@ Umve:sal
N

Helical

(H) Sphcncal

Constraints between two rigid bodies

Joint type DoF  Planar Spatial
R 1 2 5
P 1 2 5
H 1 - 5
C 2 - 4
u 2 - 4
S 3 - 3
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Open/Closed kinematic chain

» Open kinematics chains: no loops
» Closed kinematic chains contains loops

@ ©
@f@' u

‘ﬂ-?;/‘ Robotics: Forward kinematics of open chains
/\J Vladimir Petrik 6 /24



Open/Closed kinematic chain

» Open kinematics chains: no loops

» Closed kinematic chains contains loops
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Open - sequential

base link,
Lo
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Open/Closed kinematic chain

» Open kinematics chains: no loops
» Closed kinematic chains contains loops

@ ©
@f@' u

Open - sequential Open - tree

. J2 J
base link, T4 @)
L0 7
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Open/Closed kinematic chain

» Open kinematics chains: no loops
» Closed kinematic chains contains loops

@ ©
@f@' u

Open - sequential Open - tree Closed

. J2 J
base link, T4 @)
L0 7
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How many DoF?
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How many DoF?
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Easy: 4 DoF
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How many DoF?

© I
@4‘! u

Easy: 4 DoF

. J2 I
base link, J4
LO

Easy: 5 DoF
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How many DoF?

© I
@4‘! ;

Easy: 4 DoF

F
J2 14

base link, J4
LO

Easy: 5 DoF

7.

More difficult: 1 DoF
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Grubler’'s formula

N
npoF =m(L—1)— > ¢
i=1

L is number of links including ground
N is number joints

m is DoF of rigid body (3 for planar, 6 for spatial)

vvyVvyyvyyyv

¢; number of constrains provided by joint @
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Grubler’'s formula

nDoF:m(L—l)—%ci:m(L—l—N)—i—Zfi
=1 ;

L is number of links including ground
N is number joints
m is DoF of rigid body (3 for planar, 6 for spatial)

¢; number of constrains provided by joint @

vvyVvyVvVyyYyyvw

fi number of freedoms provided by joint ¢
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Grubler’'s formula

> nDoF:m(L—l)—%ci:m(L—l—N)—i-Zfi
=1 i

L is number of links including ground

N is number joints

m is DoF of rigid body (3 for planar, 6 for spatial)

¢; number of constrains provided by joint @

fi number of freedoms provided by joint ¢

fitc=m

Works for generic cases, fails under certain configurations - when joints constrains
are not independent

vVvyVvyVvVVvyyvyy
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Applications of Grubler’s formula

N
npoF =m(L—1—N)+ > fi
i=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF
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Applications of Grubler’s formula

N
npoF =m(L—1—N)+ > fi
i=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF

g

—

3(6—1—4)+(1+14+1+1) =
4 DoF
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Applications of Grubler’s formula

N
npoF =m(L—1—N)+ > fi
i=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF

© ©

' \ J5 L5
8 DY Ca—
6 L
J2 " 14
3(5—1—4)+(1+1+1+1) = "

4 DoF
36—1-5)+(1+1+1+
1+ 0) =4 DoF (if fixed
joint)
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Applications of Grubler’s formula

nDopzm(L—l—N)—f—iV:fi

=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF

© ©

o\

o

3(5—1—4)+(1+1+1+1) =
4 DoF
36-1-5)+(1+1+1+
1+ 0) =4 DoF (if fixed
joint)

J1 11 <
F
J2 14

base link, B

LO

36-1—-5)+(1+1+1+

1+1) =5 DoF

©)
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Applications of Grubler’s formula

nDopzm(L—l—N)—f—iV:fi

=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF

© ©

o\

o

3(5—1—4)+(1+1+1+1) =
4 DoF
36-1-5)+(1+1+1+
1+ 0) =4 DoF (if fixed
joint)

J1 11 <
F
J2 14

base link, B

LO

36-1—-5)+(1+1+1+

1+1) =5 DoF

©) ©)

O O
A Z
3(A—1—4)+(14+1+1+1) =

1 DoF

s
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Applications of Grubler’s formula

N
nDoF:m(L—l—N)—i—Zfi

i=1
m - body DoF, L - number of links, N - number of joints, f; - joint DoF

© ©

o\

o

3(5—1—4)+(1+1+1+1) =
4 DoF
36-1-5)+(1+1+1+
1+ 0) = 4 DoF (if fixed
joint)

J1 11 <
F
J2 14

base link, J
Lo
36-1-5)+(1+1+1+
1+ 1) =5 DoF

©) ©)

Sk e
3(4—1-4)+(1+1+141) =
1 DoF
36-1-5)+(1+1+1+
1+ 0) =1 DoF (if two
grounds connected by fixed
joint)
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Application of Grubler’s formula

T,
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Application of Grubler’s formula

T,

34—1-4)+(1+1+1+1) =
1 DoF
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Application of Grubler’s formula

T,

34—1-4)+(1+1+1+1) =
1 DoF
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Application of Grubler’s formula

T,

34—1—4)+(1+1+1+1) =

1 DoF

3(8—1—9) + (9) = 3 DoF

I

3(5—1-06) =0 DoF
Failure: 1 DoF Grublers
formula requires
independent constraints
provided by the joints.
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Application of Grubler’s formula

0,
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Application of Grubler’s formula

. b2

6(5-1—-4)+(1+1+1+1)=4DoF
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Kinematics tasks

» Forward kinematics (FK)
P calculation of the pose of the end-effector from joint coordinates
> faiq— T
> g € RV, where N is number of joints
> T.. € SE(2)/SE(3)
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Kinematics tasks

» Forward kinematics (FK)
P calculation of the pose of the end-effector from joint coordinates
> faiq— T
» g c RN, where N is number of joints
> T.. € SE(2)/SE(3)
» Inverse kinematics (IK)
> calculation of joint coordinates from the given end-effector pose
> fik : Tee —q
» g c RN, where N is number of joints
> T.. € SE(2)/SE(3)
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Forward kinematics
Goal: compute FK, i.e. z, y, ¢ from g = (61 62 63)T

{4~

{0}

Frame {0} origin is located in the first joint axis of rotation.
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Solution

» Trigonometry solution:

x = Ly cos by + Lo cos(01 + 62) + Lz cos(0y + 02 + 03)
y=Lisinf; + Lo sin(@l + 92) + L3 sin(91 + 69 + 03)
¢ =01 +06;+ 03

» harder to compute for spatial manipulators
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Solution

» Trigonometry solution:

x = Ly cos by + Lo cos(01 + 62) + Lz cos(0y + 02 + 03)
y=Lisinf; + Lo sin(01 + 92) + L3 sin(91 + 69 + 03)
¢ =01 +06;+ 03

» harder to compute for spatial manipulators
» Transformation based solution:

Tos = R(01)T(L1)R(02)T,(Lo)R(03)T,(L3)
Re SE(2), T, € SE(2)

> more systematic solution
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Solution
» Trigonometry solution:
x = Ly cos by + Lo cos(01 + 62) + Lz cos(0y + 02 + 03)
Yy = Lisin®; + Lo sin(01 + 92) + L3 sin(91 + 69 + 03)
¢=01+0+ 065

» harder to compute for spatial manipulators
» Transformation based solution:
Tos = R(01)T(L1)R(02)T,(Lo)R(03)T,(L3)
Re SE(2), T, € SE(2)

> more systematic solution
> how to get z, y, ¢ from T = Ty4?
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Solution

» Trigonometry solution:

x = Ly cos by + Lo cos(01 + 62) + Lz cos(0y + 02 + 03)
y=Lisinf; + Lo sin(01 + 92) + L3 sin(91 + 69 + 03)
¢ =01 +06;+ 03

» harder to compute for spatial manipulators
» Transformation based solution:

Tos = R(01)T(L1)R(02)T,(Lo)R(03)T,(L3)
Re SE(2), T, € SE(2)

> more systematic solution
> how to get z, y, ¢ from T = Ty4?
> =T, y=Tas, ¢=atan2(Ts,T2)
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Forward kinematics for spatial robot

Top =7
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Forward kinematics for spatial robot

Toy =
Ra(00)T(~ L) Ra (02) Ty (L)Ty (05) T2 (L + 02)T, (L) Ry (65) R (~06) T (L) Rer/2) Ra ()
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Forward kinematics for spatial robot

)
. 01 NP
v @
(2 C
— J
f{ :
{0} |20 :
< ¥0°,
= 5{0 = i :
fl : 02
Top =7
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Forward kinematics for spatial robot

' 92
3 e

N S
S \
\ ),
Lo

{0} )20

o ioo
0 ! 2

Top = T (lo) R (01)Ty (1) R:(02) Ty (I2) R (63) T (—04)
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Configuration space and Task space

» Configuration space for 2 DoF robot
P every point corresponds to a configuration

Configuration space

1 o
6xrad)
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Configuration space and Task space

» Configuration space for 2 DoF robot
P every point corresponds to a configuration
> Task space

> a space in which the robot's task can be naturally expressed (robot independent)
P a point in a task-space can be reached by multiple configurations

> e.g. manipulating spatial object, task space is SE(3)

> e.g. drawing on a paper, task space is R?

Configuration space

1 o
6xrad)
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Workspace of the robot

> Specification of the configurations that the end-effector of the robot can reach
» Depends on the robot structure

» End-effector orientation is often ignored (but it depends on the task)
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URDF

» Universal Robot Description Format

> XML file that describes robots’ kinematics, geometry, dynamics
» Used in Robotic Operating System (ROS)

> Limited to open kinematic chains (including tree structures)

» Robot is described by:

> Links (rigid body)
> Joints (connects two links together)
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URDF - Links

» Why we need visual and collision? Link origin

<robot name="robot">
<link name="link">
<inertial>

</inertial>
<visual>
</visual>
<collision>
</coii£sion>

</link>
</robot>
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URDF - Links

» Why we need visual and collision? Link origin

> RPY: Roll Pitch Yaw
R = R.(yaw)R,(pitch)R.(roll)

<robot name="robot">
<link name="link">
<inertial>
<origin xyz="0 0 0.5" rpy="0 0 0"/>
<mass value="1"/>
<inertia ixx="100" ixy="0" ixz="0" iyy="100" iyz="0" izz="100"/>
</inertial>

<visual>
</visual>
<collision>
</Coiiision>

</link>
</robot>
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URDF - Links

> Why we need visual and collision?

> RPY: Roll Pitch Yaw Link origin
R = R,(yaw) R, (pitch) R, (roll)

<robot name="robot">
<link name="link">
<inertial>

</inertial>

<visual>
<origin xyz="0 0 0" rpy="0 0 0"/>
<geometry>
<box size="1 1 1"/>
</geometry>
<material name="Cyan">
<color rgba="0 1.0 1.0 1.0"/>
</material>
</visual>

<collision>

</collision>
</link>
</robot>
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URDF - Links

> Why we need visual and collision? Link origin

» RPY: Roll Pitch Yaw
R = R.(yaw)R,(pitch)R.(roll)

<robot name="robot">
<link name="link">
<inertial>

</inertial>
<visual>
</visual>

<collision>
<origin xyz="0 0 0" rpy="0 0 0"/>
<geometry>

<cylinder radius="1" length="0.5"/>

</geometry>

</collision>

</1link>
</robot>
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URDF - Links

» Why we need visual and collision? Link origin

> RPY: Roll Pitch Yaw
R = R.(yaw)R,(pitch)R.(roll)

<robot name="robot">
<link name="link">
<inertial>

</inertial>
<visual>

</visual>

<collision>

</collision>
</1link>
</robot>
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="jO" type="fixed">
<origin xyz="0 0 1" rpy="0 0 0"/>
<parent link="10"/>
<child link="11"/>

</joint>

Robotics: Forward kinematics of open chains
Vladimir Petrik 21 /24



URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="jO" type="revolute">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="10"/>

<child link="11"/>

<axis xyz="0 0 1"/>

<limit effort="30" velocity="1.0" lower="-3.14" upper="3.14" />
</joint>
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="jO" type="revolute">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="10"/>

<child link="11"/>

<axis xyz="0 0 1"/>

<limit effort="30" velocity="1.0" lower="-3.14" upper="3.14" />
</joint>

» Can the upper limit be smaller than «?
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="jO" type="revolute">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="10"/>

<child link="11"/>

<axis xyz="0 0 1"/>

<limit effort="30" velocity="1.0" lower="-3.14" upper="3.14" />
</joint>

» Can the upper limit be smaller than «?

» Can the upper limit be larger than 77
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="jO" type="revolute">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="10"/>

<child link="11"/>

<axis xyz="1 0 0"/>

<limit effort="30" velocity="1.0" lower="-3.14" upper="3.14" />
</joint>

» Can the upper limit be smaller than «?

» Can the upper limit be larger than 77
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URDF - Joints

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

<joint name="joint0" type="prismatic">

<origin xyz="0 0 1" rpy="0 0 0"/>

<parent link="10"/>

<child link="11"/>

<axis xyz="0 1 0"/>

<limit effort="30" velocity="1.0" lower="-1.0" upper="1.0" />
</joint>

» Can the upper limit be smaller than «?

» Can the upper limit be larger than 77
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URDF - Joints

Joint axis
in joint frame

<link name="10"></link> <!-- sphere -->
<link name="11"></link> <!-- box -->

» Can the upper limit be smaller than n?
» Can the upper limit be larger than 77

» Other joint types: continuous, planar, floating
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URDF example

J2
base link, J1
Lo

parent: J1's parent link, L0

child: J1's child link, L1

origin: the x—y =z and roll-pitch-yaw coords
of the L1 frame relative to the
L0 frame when J1 is zero

axis: the z—y—= unit vector along the
rotation axis in the L1 frame

mass: L5’s mass
\ origin: the &y 2 and roll pitch yaw coords

of a frame at the center of

mass of L, relative to the L5 frame
inertia: six unique entries of inertia

matrix in the origin frame
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Summary

Robotic manipulator (joints, links, end-effector)
Joint types (DoF, constraints)

Open/Closed kinematic chain

Gribler's formula

Forward/Inverse kinematics

Configuration space / Task space / Workspace
URDF

vVvyVvyVvyVvyyvyy
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Laboratory

» Implement FK for planar manipulator

2.0
—20 -15 -10 -05 00 05 1.0 15 2.0
x[m]
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Laboratory

» Implement FK for planar manipulator

» Create your own URDF model

2.0
—20 -15 -10 -05 00 05 1.0 15 2.0
x[m]
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