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Diferenciálńı Kinematika

▶ V́ıme, jak vypoč́ıtat pozici chapadla z konfigurace
▶ p̌ŕıma kinematika (FK)
▶ x(t) = ffk(q(t))
▶ x(t) je vyjáďrena v úkolovém prostoru, tzn. SE(2) , SE(3) , nebo R2, R3 pouze pro

pozici
▶ q(t) ∈ RN je konfigurace (prostor kloubu)
▶ t je čas

▶ Diferenciálńı kinematika
▶ dává do vztahu rychlost chapadla s rychlost́ı kloubů
▶ ẋ = dx(t)

dt ∈ RM

▶ Jakobián manipulátoru je základem pro analýzy tohoto vztahu
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Jakobián
Př́ımá kinematika

x(t) = ffk(q(t))

Jakobián:

ẋ =
dx(t)

dt

=
∂ffk(q)

∂q

dq(t)

dt

=
∂ffk(q)

∂q
q̇

= J(q)q̇

J(q) =
∂ffk(q)

∂q
∈ RM×N
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Jakobián
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Př́ıklad planárńıho robota

▶ FK: q = (θ1, θ2)
⊤ → (x, y)⊤

▶ x = L1 cos θ1 + L2 cos(θ1 + θ2)
▶ y = L1 sin θ1 + L2 sin(θ1 + θ2)

▶ ẋ = ?
▶ ẋ1 = −L1θ̇1 sin θ1 − L2(θ̇1 + θ̇2) sin(θ1 + θ2)
▶ ẏ1 = L1θ̇1 cos θ1 + L2(θ̇1 + θ̇2) cos(θ1 + θ2)

▶ J(q) =

(
−L1 sin θ1 − L2 sin(θ1 + θ2) −L2 sin(θ1 + θ2)
L1 cos θ1 + L2 cos(θ1 + θ2) L2 cos(θ1 + θ2)

)
▶ Jacobián záviśı na konfiguraci q



Robotika: Diferenciálńı Kinematika a Statika
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Rozměr jakobiánu

▶ J(q) = ∂ffk(q)
∂q ∈ RM×N

▶ M DoF prostoru úkol̊u

▶ N DoF konfiguračńıho (kloubového) prostoru

▶ Redundantńı roboti: N > M

▶ Podaktuovańı roboti: N < M

▶ 2 DoF robot s translačńım prostorem úkol̊u: 2× 2

▶ 2 DoF robot s SE(2) prostorem úkol̊u: 3× 2

▶ 5 DoF robot s SE(2) prostorem úkol̊u: 3× 5

▶ 6 DoF robot s SE(3) prostorem úkol̊u: 6× 6

▶ 7 DoF robot s SE(3) prostorem úkol̊u: 6× 7
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▶ 7 DoF robot s SE(3) prostorem úkol̊u: 6× 7
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3× 2

▶ 5 DoF robot s SE(2) prostorem úkol̊u: 3× 5
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Vlastnosti jakobiánu

▶ J(q) =
(
J1(q) J2(q)

)
▶ Prvńı sloupec odpov́ıdá rychlosti chapadla pro q̇ =

(
1 0

)⊤
▶ Druhý sloupec odpov́ıdá rychlosti chapadla pro q̇ =

(
0 1

)⊤
▶ ẋ = vtip = J1(q)θ̇1 + J2(q)θ̇2

▶ Můžeme generovat rychlost v libovolném směru, pokud J1(q) a J2(q) nejsou
kolineárńı
▶ kdy jsou kolineárńı?nap̌r. θ2 = 0
▶ Jacobián je singulárńı matice → konfigurace se nazývaj́ı singularity
▶ hodnost jakobiánů neńı maximálńı
▶ chapadlo neńı schopno generovat rychlost v určitém směru
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▶ Druhý sloupec odpov́ıdá rychlosti chapadla pro q̇ =

(
0 1

)⊤
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▶ kdy jsou kolineárńı?nap̌r. θ2 = 0
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▶ J(q) =
(
J1(q) J2(q)

)
▶ Prvńı sloupec odpov́ıdá rychlosti chapadla pro q̇ =

(
1 0

)⊤
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Robotika: Diferenciálńı Kinematika a Statika
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Vizualizace sloupc̊u jakobiánu
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Jak vypoč́ıtat jakobián numericky

▶ Metoda konečné diference
▶ f ′(x0) ≈ f(x0+δ)−f(x0)

δ , δ → 0

▶ J =


∂x
∂q0

∂x
∂q1

· · ·
∂y
∂q0

∂y
∂q1

· · ·
∂θ
∂q0

∂θ
∂q1

· · ·


▶ ∂x

∂q0
(q) ≈ ffk,x(q+δ)−ffk,x(q)

δ , δ =
(
δ 0 · · ·

)⊤
▶ Opakujte pro každý prvek J

▶ Pomalý na výpočet, snadno implementovatelný → použ́ıván p̌ri testováńı
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Jak vypoč́ıtat jakobián analyticky

▶ J =
(
Jv Jw

)⊤
tzv. translačńı a rotačńı část

▶ Translačńı část:
▶ sloupec i (nS) je kolmý na vektor t, který spojuje kloub i k chapadlu

▶ S - referenčńı s.s., J - s.s. p̌ripojený ke kloubu i, E s.s. chapadla
▶ tJE - translačńı část TJE ∈ SE(2)
▶ n = R(90)tJE - kolmý vektor
▶ nS = RSJn - změna referenčńıho s.s.
▶ pro posuvné klouby: nS = RSJa
▶ a osa translace

▶ Rotačńı část
▶ 1 pro rotačńı klouby
▶ 0 pro posuvné klouby
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Robotika: Diferenciálńı Kinematika a Statika
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▶ pro posuvné klouby: nS = RSJa
▶ a osa translace

▶ Rotačńı část
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Aplikace jakobiánu - rychlostńı limity

▶ ẋ = J(q)q̇
▶ Pro každý kloub jsou uvedeny rychlostńı limity

▶ nezávislé na konfiguraci

▶ Jaké rychlosti můžeme dosáhnout s chapadlem?

▶ záviśı na konfiguraci
▶ použijte jakobián k mapováńı rychlosti kloubového prostoru na rychlost v úkolovém

prostoru
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Elipsoid manipulovatelnosti

▶ Jednotková kružnice v kloubovém rychlostńım prostoru, i.e. ∥q̇∥ = 1
▶ Mapováńı p̌res jakobián do elipsoidu v prostoru chapadla
▶ Č́ım bĺıže je elipsoid ke kouli, t́ım snadněji se může chapadlo pohybovat libovolným

směrem
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Jak vypoč́ıtat elipsoid manipulovatelnosti

▶ Pokud J(q) je ne-singulárńı

▶ Řešeńım u⊤A−1u = 1 je elipsoid
▶ vlastńı vektory A ukazuj́ı směry hlavńıch os elipsoidu
▶ odmocniny vlastńıch hodnot jsou délky hlavńıch os

1 = ∥q̇∥

= q̇⊤q̇

=
(
J(q)−1ẋ

)⊤ (
J(q)−1ẋ

)
= ẋ⊤J(q)−⊤J(q)−1ẋ

= ẋ⊤
(
J(q)J(q)⊤

)−1
ẋ



Robotika: Diferenciálńı Kinematika a Statika
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)
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Vladiḿır Petŕık 13 / 23
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Vladiḿır Petŕık 13 / 23
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Př́ıklad elipsoidu manipulovatelnosti

▶ 2 DoF robot, jenom translace, eig(JJ⊤)



Robotika: Diferenciálńı Kinematika a Statika
Vladiḿır Petŕık 15 / 23

Jak bĺızko jsme singularitě?

▶ Podḿıněnost matice JJ⊤

▶ µ1 = λmax(JJ
⊤)

λmin(JJ⊤)
≥ 1

▶ λ je vlastńı č́ıslo dané matice
▶ č́ım věťśı je µ1, t́ım bĺıže k singularitě jsme
▶ Preferuj́ı se malé µ1

▶ Objem elipsoidu manipulovatelnosti
▶ č́ım menš́ı objem, t́ım bĺıže k singularitě jsme
▶ µ2 =

√
λ1λ2 · · · = det (JJ⊤)

▶ Up̌rednostňuj́ı se velké µ2
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▶ µ2 =

√
λ1λ2 · · · = det (JJ⊤)
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Redundantńı roboti a singularity
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Nulový prostor jakobiánu [Null-space]

▶ Null(A) = ker(A) = {x |Ax = 0}

▶ Najdi q̇ tak, aby ẋ = 0
▶ q̇null ∈ ker(J)

▶ existuje v́ıce řešeńı, pokud máme v́ıc stupňů volnosti
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▶ Null(A) = ker(A) = {x |Ax = 0}
▶ Najdi q̇ tak, aby ẋ = 0
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Analýza statiky

▶ Zachováńı energie: (výkon v kloubech) = (výkon pro pohyb robota) + (výkon v
chapadle)

▶ Statická rovnováha: k pohybu robota se nepouž́ıvá žádná energie, tj. žádný pohyb
▶ (výkon v kloubech) = (výkon v chapadle)
▶ τ⊤q̇ = F⊤ẋ

▶ τ kloubové momenty/śıly
▶ q̇ kloubové rychlosti
▶ F śıla v chapadle
▶ ẋ rychlost chapadla

▶ ẋ = J(q)q̇
▶ τ⊤ = F⊤J(q)
▶ τ = J(q)⊤F



Robotika: Diferenciálńı Kinematika a Statika
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▶ F śıla v chapadle
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Vladiḿır Petŕık 18 / 23

Analýza statiky
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Vladiḿır Petŕık 18 / 23
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Statika - kompenzace vněǰśı śıly

▶ Zvažme vněǰśı śılu působ́ıćı na chapadlo −F .
▶ Jak vypoč́ıtat kloubové momenty tak, aby byl robot statický?

▶ τext = J(q)⊤F
▶ koncový efektor poťrebuje generovat śılu F , aby kompenzoval vněǰśı −F
▶ tato rovnice p̌redpokládá, že gravitace na robota nepůsob́ı
▶ τ = τext + τg

▶ τg kompenzuje gravitaci působ́ıćı na robota

▶ U robota Panda můžeme p̌ŕımo ovládat τext
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Vladiḿır Petŕık 19 / 23

Statika - kompenzace vněǰśı śıly
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Śıla zp̊usobená danými momenty

▶ Pokud inverze J existuje (kdy?)
▶ F = J(q)−⊤τ

▶ Redundantńı roboti
▶ i pro pevné chapadlo můžeme ḿıt vniťrńı pohyb
▶ p̌redpoklad statické rovnováhy neńı platný → poťreba dynamiky

▶ Podaktuovańı roboti
▶ pevný koncový efektor znehybńı robota
▶ robot nemůže aktivně generovat śıly v nulovém prostoru J⊤:

ker(J⊤) =
{
F | J⊤F = 0

}
▶ robot však může odolávat vněǰśı śıle v nulovém prostoru, aniž by se pohnul
▶ červená šipka ukazuje nulový prostor

▶ Singularity (čtvercová J, ale inverze neexistuje)
▶ nenulový nulový prostor
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}
▶ robot však může odolávat vněǰśı śıle v nulovém prostoru, aniž by se pohnul
▶ červená šipka ukazuje nulový prostor

▶ Singularity (čtvercová J, ale inverze neexistuje)
▶ nenulový nulový prostor
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Silový elipsoid
▶ Jak snadné je generovat śılu v daném směru.
▶ Eigen analýza (JJ⊤)−1

▶ Moďre - manipulačńı elipsoid (tj. JJ⊤)
▶ Zeleně - silový elipsoid (tj. (JJ⊤)−1)

▶ Snadný pohyb v daném směru → obt́ıžné kompenzovat śılu v tomto směru
▶ Bĺızko singularitě:

▶ obsah elipsoidu manipulovatelnosti → 0
▶ obsah silového elipsoidu → ∞
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Shrnut́ı

▶ Diferenciálńı kinematika
▶ Jakobián a jeho vlastnosti
▶ Jak vypoč́ıtat jakobián
▶ Manipulačńı elipsoid
▶ Jak mě̌rit vzdálenost k singularitě

▶ Statika
▶ Statický rovnovážný vztah kloubových moment̊u/sil a sil/moment̊u chapadla
▶ Silový elipsoid
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Cvičeńı

▶ Implementace výpočtu jakobiánu pro planárńı manipulátor
▶ Metoda konečné diference
▶ Analyticky

▶ Generace pohybu v nulovém prostoru


