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Kinematické úlohy

▶ Př́ımá kinematika (FK)
▶ jak vypoč́ıtat pozici chapadla z konfigurace
▶ x = ffk(q)
▶ x je vyjáďrena v úkolovém prostoru, tzn. SE(2) , SE(3) , nebo R2, R3 pouze pro pozici
▶ q ∈ RN je konfigurace (prostor kloubu)

▶ Diferenciálńı kinematika
▶ dává do vztahu rychlost chapadla s rychlost́ı kloubů
▶ ẋ = J(q)q̇

▶ Inverzńı kinematika (IK)
▶ jak vypoč́ıtat konfigurace robota pro danou konfiguraci chapadla
▶ q ∈ fik(x)
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▶ dává do vztahu rychlost chapadla s rychlost́ı kloubů
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▶ x je vyjáďrena v úkolovém prostoru, tzn. SE(2) , SE(3) , nebo R2, R3 pouze pro pozici
▶ q ∈ RN je konfigurace (prostor kloubu)

▶ Diferenciálńı kinematika
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Př́ıklad: Analytická IK pro strukturu RR
▶ Úkolový prostor: translace chapadla, x ∈ R2

▶ Konfiguračńı (kloubový) prostor: q ∈ R2

▶ Algoritmus:
▶ Vypoč́ıtejte pozici (translaci) všech kloubů a chapadla
▶ Žádné řešeńı, 1 řešeńı, 2 řešeńı, pop̌r. ∞ řešeńı
▶ Pro každé řešeńı vypoč́ıtejte konfigurace kloubů θi = atan2(y, x) + 2kπ, k ∈ Z(

x y
)⊤

= ti,i+1, t.j. translačńı část Ti,i+1
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▶ Úkolový prostor: translace chapadla, x ∈ R2
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Numerická optimalizace

▶ Analytické řešeńı je často nedostupné
▶ řešeńı neexistuje a hledáme nejbližš́ı p̌ribližné
▶ existuje nekonečně mnoho řešeńı a my hledáme konfiguraci dle daného kritéria

▶ Můžeme použ́ıt obecný numerický algoritmus, který iterativně snižuje chyby
▶ Newton-Raphsonova metoda

▶ řeš́ı g(θ) = 0, g : R → R
▶ Taylor̊uv rozvoj g(θ) v bodě θ0:

g(θ) = g(θ0) + ∂g
∂θ (θ

0)(θ − θ0)+ členy vyš̌śıho řádu
▶ dosazeńım g(θ) = 0, ignorováńım členů vyš̌śıho řádu a vyjmut́ım θ:

θ ≈ θ0 −
(

∂g
∂θ (θ

0)
)−1

g(θ0)

▶ protože ignorujeme členy vyš̌śıho řádu, muśıme iterovat:

θk+1 = θk −
(

∂g
∂θ (θ

k)
)−1

g(θk)
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θk+1 = θk −
(

∂g
∂θ (θ

k)
)−1

g(θk)



Robotika: Inverzńı Kinematika
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Př́ıklad 1D Newton-Raphsonovy metody

▶ g(θ) = sin(θ), nalezni θ∗ tak, aby g(θ∗) = 0, θ0 = 1, 1
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Př́ıklad 1D Newton-Raphsonovy metody

▶ g(θ) = sin(θ), nalezni θ∗ tak, aby g(θ∗) = 0, θ0 = 1, 3
▶ Kvalita řešeńı záviśı na počátečńım odhadu
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Př́ıklad 1D Newton-Raphsonovy metody
▶ g(θ) = sin(θ), nalezni θ∗ tak, aby g(θ∗) = 0, θ0 = 1, 3, α = 0, 5

▶ θk+1 = θk − α
(
∂g
∂θ (θ

k)
)−1

g(θk)
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Jak naj́ıt α?

▶ Line-search algoritmus

▶ Nalezni α tak, aby g(θk+1) < g(θk)

▶ Algoritmus:
▶ α0 = 1
▶ jestli g(θk+1) < g(θk): konec
▶ αi+1 = ταi, 0 < τ < 1, nap̌r. τ = 0, 5
▶ opakuj

▶ Existuj́ı sofistikovaněǰśı algoritmy pro line-search
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Numerické řešeńı pro RR IK

▶ Newton–Raphsonova metoda pro n-rozměrný p̌ŕıpad

θk+1 = θk − α
(

∂g
∂θ (θ

k)
)−1

g(θk) řeš́ı g(θ) = 0

▶ Pro kinematiku manipulátoru:
g(q) = xd − ffk(q), xd ∈ R2

▶ Podle metody NR (pro g(q) = 0):

▶ xd = ffk(qd) ≈ ffk(q
0) + ∂ffk

∂q (q0)(qd − q0) = ffk(q
0) + J(q0)(qd − q0)

qd ≈ q0 + J(q0)−1(xd − ffk(q
0))

▶ Iterativně :
qk+1 = qk + J(qk)−1(xd − ffk(q

k))

▶ Intuice skrze diferenciálńı kinematiku:
▶ jaká by měla být rychlost v kloubovém prostoru tak, abychom dosáhli dané rychlosti v

úkolovém prostoru
▶ q̇ = J−1ẋ
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Numerické řešeńı pro RR IK

▶ Newton–Raphsonova metoda pro n-rozměrný p̌ŕıpad
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úkolovém prostoru
▶ q̇ = J−1ẋ
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Numerické řešeńı pro RR IK #1
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Vladiḿır Petŕık 10 / 21
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Numerické řešeńı pro RR IK #1



Robotika: Inverzńı Kinematika
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Numerické řešeńı pro RR IK #1



Robotika: Inverzńı Kinematika
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Numerické řešeńı pro RR IK #2
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Numerické řešeńı pro RR IK #2
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Numerické řešeńı pro RR IK #2
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Numerické řešeńı pro RR IK #3
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Numerické řešeńı - shrnut́ı

▶ Numerické řešeńı je snadno implementovatelné pro obecné manipulátory
▶ Prvotńı odhad je důležitý

▶ pokud jsme bĺızko řešeńı, FK je témě̌r lineárńı, budeme konvergovat k nejbližš́ımu řešeńı
▶ pokud jsme p̌ŕılǐs daleko, nemáme žádnou kontrolu nad t́ım, jaké řešeńı je vybráno
▶ může pomoci vyladěńı velikosti kroku

▶ Muśıme definovat kritérium konvergence
▶ nap̌r.

∥∥xd − ffk(q
k)
∥∥ < ε
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Co když J neńı invertibilńı?

▶ Redundantńı roboti, podaktuovańı roboti, singularita

▶ Moore-Penroseova pseudoinverze J†

▶ qk+1 = qk + αJ†(qk)(xd − ffk(q
k))

▶ Redundantńı roboti
▶ nekonečno řešeńı pro dosažeńı stejné rychlosti v prostoru úkolu
▶ pseudoinverze nav́ıc minimalizuje ∥q∥

▶ Podaktuovańı roboti nebo singularita
▶ neexistuje žádné p̌resné řešeńı pro rychlost úkolového prostoru
▶ pseudoinverze minimalizuje chybu v prostoru úloh
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▶ pseudoinverze nav́ıc minimalizuje ∥q∥
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IK řešeńı pro redundantńıho robota
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IK v SE(2) pro RRR

▶ Daná požadovaná transformace TD
RG ∈ SE(2)

▶ R - referenčńı s.s.
▶ G - s.s. chapadla (gripper)

▶ Analytické řešeńı
▶ rozdělit problém na rotaci (posledńı kloub) a polohu (ostatńı klouby)

▶ tRC = TD
RG

(
−l3 0 1

)⊤
▶ tRB poč́ıtejte jako pro RR pro translačńı úkolový prostor
▶ použijte atan2 pro výpočet konfigurace kloubů

▶ Numerické řešeńı
▶ chyba v referenčńım s.s:

e(q) =
(
xD
RG − xRG(q) yDRG − yRG(q) ϕD

RG − ϕRG(q)
)⊤

▶ NR iterace:
qk+1 = qk + αJ†(qk)e(qk)
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▶ tRC = TD
RG

(
−l3 0 1

)⊤
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▶ G - s.s. chapadla (gripper)

▶ Analytické řešeńı
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Numerické řešeńı v SE(2)
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IK v SE(3)

▶ Numerický IK algoritmus je témě̌r stejný
▶ chyba se muśı vypoč́ıtat pomoćı transformaćı
▶ stejně jako v rovinném p̌ŕıpadě, chyba muśı být reprezentována v referenčńım s.s.

▶ Analytické řešeńı nemuśı pro obecný 6 DoF manipulátor existovat
▶ Pro prostorového 6 DoF robota s otočnými klouby

▶ řešeńı lze oddělit, pokud se posledńı ťri kloubové osy vzájemně prot́ınaj́ı
▶ posledńı ťri klouby se použij́ı k orientaci chapadla
▶ prvńı ťri klouby se použij́ı k polohováńı p̌ŕıruby
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IK v SE(3)

▶ Numerický IK algoritmus je témě̌r stejný
▶ chyba se muśı vypoč́ıtat pomoćı transformaćı
▶ stejně jako v rovinném p̌ŕıpadě, chyba muśı být reprezentována v referenčńım s.s.
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Robotika: Inverzńı Kinematika
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Př́ıklad d̊uležitosti v́ıce řešeńı
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Shrnut́ı

▶ Inverzńı kinematika
▶ analytické řešeńı pomoćı geometrické analýzy

▶ vede k výpočtu pr̊unik̊u geometrických primitiv

▶ numerické řešeńı, Newton–Raphsonova metoda
▶ Jakobián
▶ pseudoinverze

▶ Počet řešeńı inverzńı kinematiky
▶ žádné řešeńı
▶ v́ıce řešeńı
▶ periodické řešeńı
▶ nekonečný počet řešeńı
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Cvičeńı

▶ Numerická IK v SE(2)

▶ Analytická IK v SE(2) pro RRR manipulátor

▶ Analytická IK v SE(2) pro PRR manipulátor [dobrovolné]


