
Robotika - pomocné vzorce, 13.01.2024

1 Geometrie

• Śınová věta: a
sinα = b

sinβ = c
sin γ

• Kośınová věta:

• a2 = b2 + c2 − 2bc cosα

• b2 = a2 + c2 − 2ac cosβ

• c2 = a2 + b2 − 2ab cos γ

• Rovnice kružnice: (x− cx)
2 + (y − cy)

2 = r2

• Rovnice př́ımky: y = kx+ q

• Řešeńı kvadratické rovnice:

• ax2 + bx+ c = 0

• x1,2 =
−b±

√
b2−4ac
2a

2 Kinematika

• Grübler̊uv vzorec: nDoF = m (L− 1)−
N∑
i=1

ci = m (L− 1−N) +
N∑
i=1

fi

• Rodrigues̊uv vzorec R(ω̂, θ) = I + sin θ [ω̂] + (1− cos θ) [ω̂]2

• Skew-symmetric matice [ω] =

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0


• Algoritmus osa-úhel z R

• Pokud R = I pak θ = 0 a ω̂ nedefinována.

• Pokud trR = −1 pak θ = π a

• ω̂ = 1√
2(1+r33)

(
r13 r23 1 + r33

)⊤
pokud r33 ̸= −1

• ω̂ = 1√
2(1+r22)

(
r12 1 + r22 r32

)⊤
pokud r22 ̸= −1

• ω̂ = 1√
2(1+r11)

(
1 + r11 r21 r31

)⊤
pokud r11 ̸= −1

• Jinak θ = arccos (1/2 (trR− 1)) a [ω̂] = 1
2 sin θ (R−R⊤)

• Quaternion z R

• qw = 1/2
√
1 + trR

• qxyz =
1

4qw

(
r32 − r23 r13 − r31 r21 − r12

)⊤

1



3 Dynamika

• Lagrangián
L(q, q̇) = K(q, q̇)− P(q)

• Kinetic energy K(q, q̇)

• Potential energy P(q)

• Rovnice pohybu: τ = d
dt

∂L
∂q̇ − ∂L

∂q

• Pocitová hmotnost chapadla:

• Kinetic energy must be constant: 1
2V

⊤Λ(q)V = 1
2 q̇

⊤M(q)q̇

• Λ(q) effective mass of end-effector

• V =
(
ẋ, ẏ

)⊤
velocity of end-effector

• Jacobian V = J(q)q̇

• V ⊤Λ(q)V = (J−1V )⊤M(q)(J−1V )⊤ = V ⊤(J−⊤M(q)J−1)V

• End-effector mass matrix: Λ(q) = J−⊤(q)M(q)J−1(q)

• Dynamika s omezeńım

• Robot omezen pomoćı k rychlostńıch omezeńı

• A(q)q̇ = 0, A ∈ Rk×n

• Rovnice pohybu

• τ = M(q)q̈ + h(q, q̇) +A⊤(q)λ, s.t.A(q)q̇ = 0

• λ - vektor Lagrangeových multiplikátor̊u

• A⊤(q)λ - śıla p̊usob́ıćı proti omezeńım vyjádřená jako kloubové śıly/ momenty

• Lambdu lze vypoč́ıtat analyticky:
λ = (AM−1A⊤)−1(AM−1(τ − h) + Ȧq̇)
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