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What is robot?

=

Mobilni robot, UGV -
unmanned ground vehicle
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What is robot?

Flying robots (e.g. drones)

Mobilni robot, UGV -
unmanned ground vehicle

'\L?Q/‘ Robotics: Rigid body motion
/\J Vladimir Petrik

2/21



What is robot?

Flying robots (e.g. drones)
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Walking robots
Mobilni robot, UGV - (e.g. humanoids)
unmanned ground vehicle
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What is robot?

Flying robots (e.g. drones)

2w -~

1§

Walking robots
Mobilni robot, UGV - (e.g. humanoids)

unmanned ground vehicle

Manipulators (napf. Franka
Emika Panda)
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Robot configuration

» Complete specification of the position of every point of the robot.

)

The configuration is
described by the angle 6.
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Robot configuration

» Complete specification of the position of every point of the robot.

) Y

(2,9)
be
The configuration is Point in plane is described
described by the angle 6. by two coordinates.
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Robot configuration

» Complete specification of the position of every point of the robot.

)

The configuration is
described by the angle 6.

o ¥

Point in plane is described
by two coordinates.

Planar rigid object
configuration consists of the
position and orientation.

/ﬂ?'?;‘ Robotics: Rigid body motion
WF

Vladimir Petrik

3/21



Degrees of freedom (DoF)

» The minimum number of real-valued coordinates needed to represent the
configuration.
» door: 1
» planar point: 2
» planar rigid object: 3
> manipulators: from 1 (e.g. rotating table) to tens (e.g. humanoids)

QL?%‘ Robotics: Rigid body motion
/\J Vladimir Petrik 4/21


13:00;num ints?selection?


Degrees of freedom (DoF)

» The minimum number of real-valued coordinates needed to represent the
configuration.
> door: 1
» planar point: 2
» planar rigid object: 3
> manipulators: from 1 (e.g. rotating table) to tens (e.g. humanoids)
» Determining DoF

> (sum of freedom of the points) - (number of independent constraints)
> Rigid objects - how it is defined?
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Degrees of freedom (DoF)

» The minimum number of real-valued coordinates needed to represent the
configuration.
> door: 1
» planar point: 2
» planar rigid object: 3
> manipulators: from 1 (e.g. rotating table) to tens (e.g. humanoids)
» Determining DoF
> (sum of freedom of the points) - (number of independent constraints)
> Rigid objects - how it is defined?
> The distance between any two given points on a rigid body remains constant
> Exercise: write constraints for N points of planar rigid object

» For some robots, determining number of DoF is non-trivial
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Configuration space - C

» The N-dimensional space (N correspond to number of DoF)
> Every point of configuration space correspond to one configuration
> Contains all possible configurations of the robot

"z

C : (0°,180°) or
C : (—180°,180°)
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Configuration space - C

» The N-dimensional space (N correspond to number of DoF)
> Every point of configuration space correspond to one configuration
> Contains all possible configurations of the robot

/0 g
°
(2,9)
X

C : (0°,180°) or C.R?

C : (—180°,180°) ’
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Configuration space - C

» The N-dimensional space (N correspond to number of DoF)
> Every point of configuration space correspond to one configuration
> Contains all possible configurations of the robot

/9 ¥y ¥
.
(z,9)
C : (0°,180°) or C . R? C : R? x (0°,360°) why not
C : (—180°,180°) ‘ R3?
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Rigid body motion in plane

| 2

We attach a body frame to rigid body

> Usually placed in the center of mass (but not required)
> Can be placed outside of the body
» Body frame is not moving w.r.t. to the body

Vi

)A(b

N6

Vsl

{b}

{s}

R
e
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Rigid body motion in plane

)A(b

¥b N6
sk /{b}
P
> We attach a body frame to rigid body {s} %

> Usually placed in the center of mass (but not required)
> Can be placed outside of the body
» Body frame is not moving w.r.t. to the body

> We select a fixed reference frame

» center of the room
» corner of the table
> base of the manipulator
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Rigid body motion in plane

¥b N6
sk /{b}
P
> We attach a body frame to rigid body {s} %

> Usually placed in the center of mass (but not required)
> Can be placed outside of the body

» Body frame is not moving w.r.t. to the body
> We select a fixed reference frame

» center of the room
» corner of the table
» base of the manipulator positive
P rotation Q|>

> All frames are right-handed
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Rigid body motion in plane
ib
i A
» The configuration of body is given by A\ /' {b}
> position of body frame w.r.t. reference frame / P
> orientation of body frame w.r.t. reference frame o) -
S Xy
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Rigid body motion in plane
ib
Vi A
» The configuration of body is given by VA / {b}
> position of body frame w.r.t. reference frame / P
> orientation of body frame w.r.t. reference frame o=
> Body frame origin s} s
> p :pmi’s +py'gs S R?
> If reference frame is clear from the context: p = (p.,p,) "
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Rigid body motion in plane
ib
Vi A
» The configuration of body is given by VA / {b}
> position of body frame w.r.t. reference frame / P
> orientation of body frame w.r.t. reference frame o=
> Body frame origin s} s
> p :pmi’s +py'gs S R?
> If reference frame is clear from the context: p = (p.,p,) "
» Orientation
> Angle 6 € (0°,360°)
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Rigid body motion in plane

Xhb
b \9
> The configuration of body is given by A\ / {b}
> position of body frame w.r.t. reference frame / P
> orientation of body frame w.r.t. reference frame o=

» Body frame origin {5}
> p=Dp.ls +py'gs eR?
> If reference frame is clear from the context: p = (p.,p,) "

» Qrientation
> Angle 6 € (0°,360°)
> Convenient for next computations:

Ip = +cosOT 4 + sin OY,
Yp = —sin 0L 4 + cos 09,

Rotation matrix R = (&p, Jp) = (g?sg —C(s)lsnoO>
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SO(2)

» R has 4 numbers but only 1 DoF - 3 independent constraints

> both columns are unit vectors
> columns are orthogonal to each other
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SO(2)

» R has 4 numbers but only 1 DoF - 3 independent constraints

» both columns are unit vectors
» columns are orthogonal to each other
> Set of all rotation matrix is SO(2) group, i.e. R € SO(2)
Special Orthogonal group
det(R) =1
RR" =1,ie R"'=RT
(R1R2) R3 = Ry (R2R3)
Ri1Ry? ="Ro Ry

v

vVvyVvyy
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SO(2)

» R has 4 numbers but only 1 DoF - 3 independent constraints

» both columns are unit vectors
» columns are orthogonal to each other

> Set of all rotation matrix is SO(2) group, i.e. R € SO(2)

Special Orthogonal group
det(R) =1

RR" =1, ie R"'=RT
(R1R2) Rs = Ry (R2R3)

For 50(2) R]RQ = R2R1

v

vVvyVvyy
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SO(2)

» R has 4 numbers but only 1 DoF - 3 independent constraints

» both columns are unit vectors
» columns are orthogonal to each other

> Set of all rotation matrix is SO(2) group, i.e. R € SO(2)
» Special Orthogonal group
> det(R)=1
» RR" =1, ie R°'=RT
> (R1R2) R3s = Ry (R2R3)
» For SO(?) R1R2 = R2R1
> Usage of rotation matrix
> to represent an orientation of the frame
> to change the reference frame in which a vector is represented
> to rotate vector/frame
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SE(2)
f(b
> A pair (Rap, p) Vb A
> represents pose/configuration of the body VoA {b}
/p/'
=
{S} Xy
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SE(2)
ib
> A pair (R, p) D \o
> represents pose/configuration of the body VoA / {b}
> changes the reference frame of a vector / P
Vg = Rapvp + P >
{S} 5(5
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SE(2)

Xh

> A pair (R, p) D \o
> represents pose/configuration of the body A | /' {b}

> changes the reference frame of a vector / D
Vo = Rapvp + p .

> moves vector/frame (R, t) {s} Xy
Rioved = Rap R tmoved = Rapt + p
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SE(2)

Xh

A

ety
=n

> A pair (Rup, p)
> represents pose/configuration of the body VoA
> changes the reference frame of a vector /

Vg = Rabvb +p .

{b}

2\

> moves vector/frame (R, t) {s} X
Rioved = Rop B tmoved = Rapt +p

> Alternatively, in homogeneous coordinates T}, = (};’—lrb 117> € SE(2)

v

Special Euclidean Group

> represents both translation and rotation in a single matrix
> v = Ty

>

>

(hT5) T3 = Ty (T0T3)
T\, + ToT)
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SE(2)

Xh

A

ety
=n

> A pair (Rg,p)

> represents pose/configuration of the body VoA
> changes the reference frame of a vector /
Vg = Rabvb +p .

{b}

2\

> moves vector/frame (R, t) {s} Xs
Rioved = Rop B tmoved = Rapt +p

> Alternatively, in homogeneous coordinates T}, = (R“b p> € SE(2)

or 1

v

Special Euclidean Group

> represents both translation and rotation in a single matrix
> vl = Tyvy!

> (1) Ts = Ty (ToT5)

> Ty # 15T,

> Inverse 7!

> computing inverse of a matrix is costly

_ R"T —RTt
> 1
= 1)
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SE(2) example

Tnext = Tcurrenth (51) Tnext = TcurrentTe((se) Tnext = Tcurrenth(aa:)
Delta transformations are defined in robot frame.

1.00

0.751
0.501
0.251

0.00 F‘::j

—0.25

y [m]

—0.50

—0.75

-1.00 T T T T T
-1.0 —-0.5 0.0 0.5 1.0
x [m]
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SE(2) example

Tnext = Ta: ((596)Tcurrent Tnext = TH (59)Tcurrent Tnext = Tx((sz)Tcurrent
Delta transformations are defined in reference frame.
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SE(2) example

Tnext = Ta:(d:v)Tcurrent Tnext = TG (50)Tcurrent Tnext = Tm((sx)Tcurrent
Delta transformations are defined in reference frame.

100

0.75

0.50

0.25 1

0.00 -

y [m]

(!
d b

—0.25 1

—0.50 4

—=0.75 4

-1.00 T T T T T
-1.0 -0.5 0.0 0.5 1.0
x [m]
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SFE(2) example camera

Tsgr = (RO(TQ) f)
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SFE(2) example camera
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SFE(2) example camera
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13:30;notation of letters in transformation;


SFE(2) example camera

(1 (01 0" Cle
TRC_(OT 1 )
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SFE(2) example camera

Tsgr = (]E('?) D

Tro = (I (0.1 0)T>

o' 1
How to compute vg?
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SFE(2) example camera

Tsgr = (]E('?) D

Tro = (I (0.1 0)T>

o' 1
How to compute vg?
Tsc = TsrTre
vs = Tscve
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Extending to SO(3) and SE(3)

> SO(3)
> det(R) =1
» RR" =1,ie R"'=RT
> (R1R2) Ry = Ry (R2R3)
> RiR:? ="RoR;

é Robotics: Rigid body motion
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Extending to SO(3) and SE(3)

> SO(3)
> det(R) =1
» RR" =1, ie R"'=RT
> (RiR2) Rz = Ry (R2R3)
> R1Rs # RyR; obecné

é Robotics: Rigid body motion
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Extending to SO(3) and SE(3)

> SO(3)
> det(R) =1
» RRT =1,ie. R"-'=RT
» (RiR3) R3 = Ri (R2R3)
> R1Rs # RyR; obecné
> SE(3)
> v =T, vl
> (TWTo) Ty =T (TxT3)
> T\Th # 1T,

RT —RTt
> -1 _
r=(o 1Y)
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How to compute R € SO(3)?

» Composing rotations around the z,y, z axes

» From other representations of rotations

> R,(0) =

> Ry(e) =

> R.(0)=

1 0 0

0 cosf —sinf

0 sinf cos@
cosf 0 sinf

0 1 0
—sinf 0 cos6
cosf) —sinf 0
sinf cosf O

0 0 1

=
e

2 Robotics: Rigid body motion
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Example of SE(3)

Tnext = TTz (5?:) Tnext = TRz (az) Tnext = TRy(ey) Tnext = TTa:(éa:)
R, R. € SE(3)!

%%é Robotics: Rigid body motion
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end: how many representations of 2Drot? 3D are all bad.


Axis-angle representation

» eR, weR3 |o|=1

é Robotics: Rigid body motion
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Axis-angle representation

» eR, weR3 |o|=1
> Axis-angle to R
> Rodrigues’ formula R(&@,0) = I 4 sin 0 [&] + (1 — cos ) [@]°

0 —w, Wy
> Skew-symmetric matrix [w] = | w, 0 — Wy
—Wwy Wy 0
> Example: compute R,
QL?%‘ Robotics: Rigid body motion
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Axis-angle representation

» eR, weR3 |o|=1
> Axis-angle to R
> Rodrigues’ formula R(&@,0) = I 4 sin 0 [&] + (1 — cos ) [@]°

0 —w, Wy
> Skew-symmetric matrix [w] = | w, 0 — Wy
—Wwy Wy 0

> Example: compute R,
> Axis-angle from R algorithm
> If R =1 then # = 0 and @ is undefined.
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Axis-angle representation

» eR, weR3 |o|=1

> Axis-angle to R
> Rodrigues’ formula R(w,0) =TI 4 sinf [@] + (1 — cos0) [&]

0 —w, Wy
> Skew-symmetric matrix [w] = | w, 0 —ws
—Wy Wy 0

> Example: compute R,
> Axis-angle from R algorithm
> If R =1 then # = 0 and @ is undefined.

» If tr R=—1 then 6 = 7 and
L ( 13 T23 1 +7”33)T if 33 75 —1

L [ —
Vet~

> @ -1 T. B

w \/m(m L+raz 732) if ros # —1
T,

: (T4rn ra ra) ifrn# -1

V2(1+r11)

€
I

>

E)
|

16 / 21
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Axis-angle representation

» eR, weR3 |o|=1

> Axis-angle to R
> Rodrigues’ formula R(w,0) =TI 4 sinf [@] + (1 — cos0) [&]

0 —w, Wy
> Skew-symmetric matrix [w] = | w, 0 —ws
—Wy Wy 0

> Example: compute R,
> Axis-angle from R algorithm
> If R =1 then # = 0 and @ is undefined.

» If tr R=—1 then 6 = 7 and
L ( 13 T23 1 +7”33)T if 33 75 —1

> Q:m r
Pa;:\/ﬁ(mg 14720 7“32)Tif7“227é—1
> o \/ﬁ(l+ru o1 r31)T if 11 #£ —1

= ss(R—R")

» Otherwise § = arccos (1/2 (tr R — 1)) and [w)]

16 / 21
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Exponential coordinates

» A single vector w € R?
> Also called Euler vector or Euler-Rodrigues parameters

> Mapping to angle-axis representation:
> 0=l

by =%
Vw_e
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Exponential coordinates

» A single vector w € R?

> Also called Euler vector or Euler-Rodrigues parameters

> Mapping to angle-axis representation:

> 0= [|w]|

by =%
Vw_e

> Exponential to/from R
> R =expw: use Rodrigues' formula
> w =log R: use angle axis from R algorithm
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Exponential coordinates

» A single vector w € R?

> Also called Euler vector or Euler-Rodrigues parameters
> Mapping to angle-axis representation:

> 0= |lw|
> o=

> Exponential to/from R
> R =expw: use Rodrigues' formula
> w =log R: use angle axis from R algorithm
> Why exponential?
> it correspond to matrix exponential /logarithm of [w]
> if w is angular velocity, its integration for one unit of time leads to exponential and the
final orientation is R
> numerically sensitive to small angles
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Quaternions

> geRY gl =1
> From axis-angle
> g, = cos(6/2)
> gy, =wsin(0/2)
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Quaternions

> geRY, gl =1
> From axis-angle

> g, = cos(6/2)

> gy, =wsin(0/2)
» From R

> g =1/2V1+trR

L T
> Quys =g (T32 =723 Ti3 = T3 T2 Ti2)
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Quaternions

> geRY, gl =1
> From axis-angle
> g, = cos(6/2)
> gy, =wsin(0/2)
» From R
> g =1/2V1+trR
1 T
> Quys =g (T32 =723 Ti3 = T3 T2 Ti2)
> To R
> R =exp (2 arccos (g ) ”Z&>

oyl

> ie. rotate about g, with § = 2arccos (¢)
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Quaternions

> geRY, gl =1
> From axis-angle
> g, = cos(6/2)
> gy, =wsin(0/2)
» From R
> g =1/2V1+trR
> = L (g — - )"
Azyz = 74, (7'32 T23 T13 — 731 T21 7"12)
> To R
> R =exp (2 arccos (g ) ”Z&>

oyl

> ie. rotate about g, with § = 2arccos (¢)
> Quaternions are not unique, two solutions for the same R

» Numerically stable
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Other representations

> Euler angles

» three numbers 61,0, 05

rotation about the z, y, or z axes

e.g. XY X Euler angles correspond to R = R;(01)R,(62)R.(63)

computing Euler angles from R is often numerically unstable and requires special
algorithm for each triplet of axes

vvyy
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Other representations

> Euler angles

» three numbers 61,0, 05

rotation about the z, y, or z axes

e.g. XY X Euler angles correspond to R = R;(01)R,(62)R.(63)

computing Euler angles from R is often numerically unstable and requires special
algorithm for each triplet of axes

vvyy

» 6D representation of rotation
> represented by the first two columns of R
» smooth representation
> used in machine-learning (e.g. output of neural network)
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Summary

» Configuration, Configuration Space C, DoF

» Planar rigid body motion SO(2) , SE(2)

» Spatial rigid body motion SO(3) , SE(3)

> Properties of rotation matrix in SO(2) and SO(3)
> Representation of spatial rotations

>

vVvVvyVvyy

rotation matrix
axis-angle

exponential coordinates
quaternions

Euler angles

6D representation
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how would you compare two so3 rots?


Laboratories goal

» Start implementing robotics toolbox

> https://robotics-labs.readthedocs.io/
> Utilities to work with SO(2) , SE(2) , SO(3) , SE(3)
> exp(w)
> log(R)
> R
> ...
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Laboratories goal

> Start implementing robotics toolbox

> https://robotics-labs.readthedocs.io/
> Utilities to work with SO(2) , SE(2) , SO(3) , SE(3)
> exp(w)
> log(R)
> R
> ...
» Preparation
> Linux and MiniConda are recommended
» Install Miniconda
> Install Python IDE (PyCharm, VSCode)
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